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Structural Design Optimization of Nonlinear Symmetric
Structures Using the Group Theoretic Approach

R. Sedaghati,¤ B. Tabarrok,† and A. Suleman‡
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Amongmultidisciplinaryanalysisand optimizationproblems, structural optimizationofgeometricallynonlinear
stability problems is of great importance, especially in structures used in space applications, because of their
long and slender con� gurations. In this study, application of the group theoretic approach (GTA) in structural
optimizationof geometrical nonlinearproblems under system stability constraint has been investigated. According
to GTA, the number of displacement degrees of freedom in the initial con� guration can be reduced signi� cantly by
using the set of symmetry transformations of the undeformed structure to construct a projection matrix from full
space to a reduced subspace spanned by the symmetry modes. A structural optimizationalgorithm is developed for
shallow structures undergoing large de� ections subject to system stability constraint. The method combines the
nonlinear buckling analysis, based on the displacement control technique using GTA, with the optimality criteria
approach,basedonthe potentialenergy of the system. A shallow dometruss structure hasbeen designedto illustrate
the proposedmethodology.This paperdemonstrates that structural optimizationofnonlinearsymmetric structures
using GTA is computationally ef� cient, and excellent agreement exists between optimal results in full space and
those in the reduced subspace. Also, it is shown that structural design based on the generalized eigenvalue problem
(linear buckling) highly underestimates the optimum mass, which may lead to structural failure.

Introduction

F OR optimum structuraldesign, the designvariablesare selected
so as to minimize the weight of the structure while satisfying

all of the constraints. The constraints may include maximum al-
lowable stresses in the elements, displacement limits at the joints,
frequency speci� cations, system stability, and so forth. Depending
on the nature of the applied loads, the structure, and its geometry,
one or more of the constraintscan be active and control the designof
the structure. The design variables will generally be dictated by the
dominant constraints. In most previous works (e.g., Refs. 1–4) the
system stability requirement is posed as a linear buckling analysis.
Linear analysis is restrictedto small rotationsand equilibriumin the
initial state. Linear buckling reduces to the solution of a general-
ized eigenvalue problem for the buckling loads (bifurcation point).
This de� nition of system stability for some structures may not be
conservative enough, because the nonlinear behavior of the struc-
ture will result in large changes in the geometry of the structure.
Furthermore, the presence of geometric imperfections affects the
structural response more signi� cantly in large de� ection analysis.
For this reason, a nonlinear buckling analysis should be undertaken
to � nd the more conservativebuckling loads (limit point).

In optimization of structures undergoing large de� ections, � nd-
ing the exact limit point is critical for de� ning a nonlinear buckling
constraint. In the past works, the � nite element analysis based on a
load control technique5¡7 has been used to trace the nonlinear load-
de� ection curve for determination of the limit load. For a simple
two-bar truss structure, an exact formulation that includes the con-
ditions for instabilityand optimalityhas beendevelopedby different
investigators.8;9 Techniques using load control fail as the load ap-
proaches the buckling load, or requires extremely small increments
to carry out the analysis, or needs sophisticated techniques such as
automatic time steppingand arc-lengthmethod. Several procedures
havebeen used by different investigatorsto overcome this dif� culty.
Zienkiewicz10 and Thomas and Gallager11 suggested a form of the
displacement control method. Their algorithm requires modi� ca-
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tions of the stiffness matrix. Haisler et al.12 used that method by
partitioning the stiffness matrix. Helpful simpli� cations to the dis-
placement control method were made by Batoz and Dhatt,13 where
one of the displacement components is incremented at each time
step and an iterative process is followed: that is, a dominant dis-
placement component is chosen as an independent variable instead
of the usual loading parameter. Using this approach, symmetry and
banded properties of the stiffness matrix are preserved. The dis-
placement control techniqueproposed by Batoz and Dhatt has been
used as an analyzer in the optimum design of truss structuresunder-
going large de� ectionssubject to the systemstability constraint.14;15

The method was found to be extremely ef� cient in optimizing the
structures under snap-throughbuckling load.

The displacement control technique proposed by Batoz and
Dhatt13 has been used in this investigationto capture the limit point
in problem with nonlinear buckling constraints. Using a quadratic
� t to the load-displacement curve near the critical load, the limit
load has been obtained ef� ciently and accurately.

Mostmethodsused to solvestaticnonlinearproblemsarebasedon
Newton–Raphson or quasi-Newton methods.16 For a structure with
m displacement degrees of freedom (DOF), these methods require
the solution of m simultaneous equations, respectively. Therefore,
when the number of DOF is large, these methods can become com-
putationally expensive. For the special case of structural systems
with symmetry, it has recently been shown that a nonlinear solu-
tion can be computed exactly using a reduction technique based on
symmetry modes called the group theoretic approach (GTA). The
essence of the reduction technique is to reduce the number of DOF
in the initial con� guration by transforminga large system to a sim-
ilar, much smaller, substitute system. In other words, the number
of DOF in the large system m is much larger than the number of
DOF in the reduced problems, mr . The response U of the large sys-
tem can be obtained by a combination of a few subspace modes or
basis vectors. This is accomplished by expressing U as a product
of a transformation matrix 8 and the response Ur of the reduced
problem. By mapping the displacement vector from the symmetry
subspace back to the full space for the calculationof internal forces,
the GTA guarantees the satisfactionof equilibrium equations in the
full space.

The group theoretic foundations of the reduction method have
been presented by Healey.17¡19 Using the projection operator of
group theory explained by Miller,20 Healey has described, within
the general setting of symmetric problems in structural mechanics,
how to form a dimensionallyreducedproblemleading to signi� cant
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computational savings. This technique has been applied to electro-
staticsand bifurcationproblems.Subsequently,Chang and Healey21

used the GTA in analysis of a geometrically nonlinear system with
symmetry. More recently, Li22 solved for static and dynamic anal-
ysis of nonlinear problems with symmetry using the GTA. How-
ever, nonlinear buckling analysis and postbuckling behavior have
not been considered in all of the previous reported studies using
the GTA. This paper addresses this issue and illustrates its appli-
cation on a shallow dome structure. The application of the GTA in
the structural optimization of the nonlinear problems under system
stability constraint is introduced for the � rst time.

The optimum solution of the nonlinear buckling problems under
system stability constraint by general mathematical programming
algorithms is computationally inef� cient because of the many iter-
ations and sensitivity analyses required.23;24 This dif� culty can be
alleviatedby the optimalitycriterionmethod.Here an optimalitycri-
terionalgorithmbasedon the potentialenergyhasbeenused.5;14 The
Lagrange multipliers are obtained in a closed-form solution. Thus,
no recurrencerelationhas beenused for updatingthe Lagrangemul-
tipliers. This procedure enables us to obtain the optimum solution
with an infeasible starting point.

In the followingsections,a short descriptionof thenonlinearanal-
ysis procedure is presented.This is followed by a descriptionof the
GTA. The derivation of the optimality criterion and the recurrence
relations are given next. Finally, a complex, shallow, dome struc-
ture is optimizedusing both nonlinearand linear buckling analyses.
For a shallow dome subjected to a concentrated apex load, the sys-
tem stability is the important active constraint and design driver. It
is shown that the structural optimization of the nonlinear problems
under system stabilityconstraintusing the GTA can signi� cantly re-
duce the computational time with excellent agreement between the
subspace and full-spaceoptimal solutions. Furthermore, it has also
been shown that optimization of nonlinear structures using linear
bucklinganalysisunderestimatestheoptimummassof the structures
(or overestimates the buckling load), which may lead to structural
failure.

Nonlinear Analysis
In the presence of large de� ections, geometrical nonlinearity be-

comes important. In such cases, although the strains are small and
the material behaves linearly, the response of the structure becomes
nonlinearas a result of � nite rotationsand displacements.It is there-
fore necessary to write the joint equilibrium in terms of the � nal
geometry of the structure. In the case of large displacements, the
strain–displacement relationships include nonlinear terms. Consid-
erationof these terms,using the principleof virtualwork, the system
stiffness matrix can be obtained and written as

K D KE C KG (1)

where K is the system tangent stiffness matrix, KE is the system lin-
ear elastic stiffnessmatrix, and KG is the system geometric stiffness
matrix. The matrix KG is associatedwith the changes in the geome-
try of the structure. These matrices are obtained by the assemblage
of the element linear elastic and geometric stiffness matrices in the
global coordinates.

To derive the incremental � nite element equations, it is assumed
that the equilibrium con� guration at a load level is known and
the con� guration at a slightly higher load level is to be deter-
mined. Using the Newton–Raphson method, these equations may
be written13;16 as

t C 1t K.k ¡ 1/1U.k/ D 1P.k ¡ 1/ D t C 1t ®.k/Pref ¡ t C 1t P0.k ¡ 1/

t C 1t U.k/ D t C 1t U.k ¡ 1/ C 1U.k/ (2)

where k is the iterationnumber, t C 1t K is the tangentstiffnessmatrix
at time step t C 1t , t C 1t P0.k ¡ 1/ is the vector of the nodal resultant
member forces at time step t C 1t , Pref is a given reference load,
t C 1t ® is a load factor parameter to denote the external load at time
step t C 1t, 1P is the out-of-balanceforce, 1U is the vector of in-
crements in nodal displacements, and t C 1t U is the vector of nodal
displacement at time step t C 1t . The out-of-balance load vector

Fig. 1 Two-node space truss element.

1P corresponds to a load vector that is not yet balanced by ele-
ment forces, and hence an increment in the nodal displacements
is required. This updating of the nodal displacements in the itera-
tion is continueduntil the out-of-balanceloads and incrementaldis-
placements are small. To guarantee that both out-of-balance loads
and incremental displacements are small, the energy convergence
criteria16 (a product of out-of-balance force and incremental dis-
placement) have been used in this analysis. An energy convergence
tolerance of "E D 10¡ 6 has been selected in this analysis.

It is noted that the increment in load or displacement is conven-
tionally representedas an evolution in time t . The problem is static,
and t simply denotes incremental steps in the solution.

For a truss element, shown in Fig. 1, KE and KG in global coor-
dinates are as follows17:

KE D
AE

L

NKE ¡ NKE

¡ NKE
NKE

; KG D
F

L
I ¡I

¡I I
(3)

where

NKE D
l2
x lx ly lx lz

lx lz l2
y ly lz

lx lz ly lz l2
z

; I D
1 0 0

0 1 0

0 0 1

;

lx D cos µx

ly D cos µy

lz D cos µz

(4)
where F is the axial force in the element at time t ; A is the cross-
sectional area of the element; L the length of the element; E is the
Young’s modulus; and lx ; ly , and lz are the direction cosines of the
element x axis relative to the global X , Y , and Z axes, respectively.

In the displacement control method, the external load during it-
eration in a particular time step does not remain constant. In other
words, for each increment in a controllingdisplacementcomponent,
the load is assumed to vary so that the multiplication of the out-of-
balanceloadvectorand the incrementaldisplacementvectorbecome
as small as desired.Because the displacementcontrolmethod traces
the postbucklingpath, one can estimate the peak load by very small
displacement increments. The true peak load is the largest load ob-
tainedas the displacementtraces the equilibriumpath. However, the
solution obtained is sensitive to the displacement increments em-
ployed and the cost of the accurate solution becomes prohibitive.
Here, the peak load is obtained by performing a quadratic � t to
the load-displacement curve near the critical load and � nding the
maximum of this curve. The peak load determined using this pro-
cedure was found to be very accurate, and it is not sensitive to the
displacement increments.

Nonlinear Analysis of Symmetric Structures
Using the GTA

In general, a nonlinear equation can be written symbolically as

f .U; P/ D KU ¡ P D 0 (5)
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Let us suppose that Eq. (5) represents a structure with m DOF
and with undeformed geometry (shape), material properties and
geometric boundary conditions having common, nontrivial sym-
metry. Symmetry is characterized mathematically by an isomet-
ric (strain-free) transformation of the undeformed structure into
a completely equivalent con� guration. The set of all such isome-
tries G : : : fG1; G2; : : : ; GN gI Gi b 3 $ 3

is called the symmetry
group of the structure. For � nite structural systems, the rele-
vant isometries are all 3 $ 3 orthogonal matrices corresponding
to rotations, re� ections, and inversion.20 An orthogonal represen-
tation of a symmetric group of G on m-dimensional space is
T : : : fT1; T2; : : : ; TN gI Ti b m $ m , named rep of G on m $ m

and it satis� es the following properties:

T.G1/T.G2/ D T.G1G2/ for all G1; G2 b G

TT .G1/ D T GT
1 ; T¡1.G1/ D T G¡1

1 for all G1 b G

T.I/ D I; where I is the .m $ m/ identity matrix

The equilibrium equations of symmetric models such as Eq. (5)
can re� ect the symmetry of the mechanical or physical system
through a property called the equivariance.18 Equation (5) is said
to be equivariant under the action of T if

f.TU; P/ D Tf .U; P/ (6)

The equivariance condition in Eq. (6) follows from the fact that
the loading, the material properties, and the boundary conditions
agree with the geometric symmetry of the structure. If any of these
has less symmetry than the purely geometric symmetry, then an
appropriate subgroup must be employed.

A symmetric solution to Eq. (6) is a nodaldisplacementvectorU¤

anda load magnitudeP¤ satisfyingequilibriumsuch that TU¤ D U¤.
It can be shown20 that the average matrix

Pr D
1
N

N

i D 1

Ti (7)

is a symmetric .PrT D Pr/ projection.PrPr D Pr/ onto the subspace
Us j6m of all symmetric displacement � elds (U¤) and is called the
projection matrix. If the m vector Á is in Us then

PrÁ D Á (8)

whereÁ is an eigenvectorofPr correspondingto the unit eigenvalue.
It can also be shown20 that the dimension of Us is given by

mr D trace.Pr/ D 1
N

N

i D 1

trace.Ti / (9)

Hence, the multiplicity of the unit eigenvalue in Eq. (8) is equal
to mr . The most useful way to construct a reduced problem is to
determine the basis for Us as

8 D fÁ1; Á2; : : : ; Ámr g; where ÁT
i Á j D ±i j (10)

These basis vectors Ái ; i D 1; 2; : : : ; mr , which are solutions to
Eq. (8), are called symmetry modes. The matrix 8 including the
symmetry modes is a m $ mr matrix. If displacement vector U is
in Us (symmetric solution U¤), then

Ur D 8T U (11)

is an mr vector with entries corresponding to the components of
U relative to the basis fÁ1; Á2; : : : ; Ámr g; that is; Uri D ÁT

i U; i D
1; 2; : : : ; mr . From Eq. (11), we can write

U D 8Ur (12)

Considering Eq. (12) in Eq. (5) and multiplying both sides by 8T ,
the reduced problem may be given explicitly by

8T f .8Ur ; P/ D 8T K8Ur ¡ 8T P D 0 (13)

or

Kr Ur D Pr (14)

where

Mr D 8T M 8; Kr D 8T K8; Pr D 8T P (15)

Note that not all solutions of Eq. (5) are necessarily solutions of
Eq. (14). Rather, the reduced problem captures only the symmetric
solution points of Eq. (6).

The analyticalstepsforobtainingthe staticresponseof symmetric
incremental nonlinear problems can be described as follows:

1) Compute the out-of-balance load vector 1P.
2)Set up the reducedsymmetrysubspaceunderthebasisvector8.

Obtain the reduced stiffness matrix and the reduced out-of-balance
force vector as Kr D 8T K8; 1Pr D 8T 1P.

3) Solve the incremental displacements under the subspace. This
computation involves solving the reduced system Kr 1Ur D 1Pr

for generalizedincrementaldisplacementvector 1Ur using the dis-
placement control technique.

4) Obtain the original full-space incremental nodal displacement
vector using 1U D 81Ur .

5) Update the nodal coordinates.
6) Compute new member forces.
7) Repeat steps 1 through 6. Computation stops when energy

convergence criteria are met.

Optimization Criterion
The optimizationproblem is de� ned in the following form: Min-

imize the mass

M D
n

i D 1

½i Ai L i (16)

subject to

g D 5 ¡ N5 D 0 (17)

where ½i ; Ai ; L i , and n are the material density of the i th element,
the cross-sectionalarea of the i th element (design variable), the de-
formed length of the i th element, and the number of truss elements,
respectively.5 is the total potential energy, and N5 is the target total
potential energy associated with the optimum design at the limit
load.

The effect of nonlinear buckling constraint is considered implic-
itly in the equalityconstraintgivenby Eq. (17). In otherwords, at the
end of the nonlinear buckling analysis for each optimization itera-
tion, the totalpotentialenergyis obtained.This totalpotentialenergy
representsthe potentialenergy of the systemat the limit point.Thus,
it may be said that the constraint on the limit load is equivalent to
the constraint on the total potential energy of the system at the limit
load.

The potential energy of a structure, made up of n elements, may
be expressed as

5 D
n

i D 1

Ui ¡ UT P D U ¡ UT P (18)

where U is the global displacement vector, P is the vector of the
externally applied forces , U is the total strain energy, and Ui is the
strainenergyof a typical i th element.For one-dimensionalelements,
it can be expressed as

Ui D 1
2
Ei "

2
i Ai L i (19)

where Ei is the module of elasticity of the i th element and "i is the
strain in the i th element, expressed as

"i D .L i ¡ L0i /=L0i (20)

where L0i is the undeformed length of the i th element. Invoking the
principle of stationary total potential energy,

f 5= f U D . f U= f U/ ¡ P D 0 (21)
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Using Eqs. (16) and (17), the Lagrangian L may be written as

L D
n

i D 1

½i Ai L i ¡ ¸.5 ¡ 5/ (22)

where ¸ is a Lagrange multiplier.The Karush–Kuhn–Tucker (KKT)
conditionsfor minimizationof L with respectto Ai and ¸, according
to Eq. (22), become

½i L i ¡¸
@5

@ Ai
C

m

j D 1

@5

@U j

@U j

@ Ai
D 0; .5 ¡ N5/ D 0 (23)

where m is the number of displacementDOF. By virtue of Eq. (21),
correspondingto every nodal displacementU j , f 5= f U j vanishes,
and hence Eq. (23) may be written as

½i L i ¡ ¸. f 5= f Ai / D 0 (24)

Considering Eqs. (18) and (19) , we have

f 5= f Ai D Ui=Ai (25)

Substituting Eq. (25) into Eq. (24) gives

½i L i ¡ ¸.Ui=Ai / D 0 (26)

or

¸ OUi D 1 (27)

where OUi D Ui=½i L i Ai is the strainenergydensityof the i th element.
Equation(27) is an optimalitycriterionand states that in an optimum
structure, the strain energy density is equal for all elements.

Recurrence Relation
To obtain a design that satis� es the optimality criterion given by

Eq. (27), an iterative scheme is used. This consists of updating the
design variables using the recurrence relation, or alternatively the
design variable update formulas, after determining the nonlinear
critical point. A simple and ef� cient form of the recurrencerelation
may be expressed by multiplying both sides of Eq. (27) by .Ai /

¯

and taking its ¯ th root as

Av C 1
i D Av

i .¸ OUi /
1=¯
v

(28)

where v C 1 and v are the iteration steps. The step-size parameter
¯ controls the convergence rate and can be changed by assigning
appropriate values. Using the recurrence relation in Eq. (28), in
each optimizationiterationthe designvariablesare updateduntil the
relative convergence criteria are satis� ed. It is noted that the � nal
optimumdesign is not in� uencedby the step-sizeparameterbecause
¸ OU is equalto unity in the � naloptimumdesign.Selecting largestep-
size parameter results in a slow and smooth convergenceand a large
number of optimizationiterationsbefore satisfying the convergence
criteria. Conversely, choosing a small step-size parameter results in
a fast and oscillating convergence so that the required convergence
criteria may never be reached. It is recommended that the step-size
parameter be set to a small number (4 has been selected for the
present design) and then increased gradually as the optimization
process evolves.

To use Eq. (28), it is required to know the value of the Lagrange
multiplier ¸. At the optimal design, ¸ will satisfy Eq. (27). For non-
optimal design, a value of ¸ that most closely satis� es this equation
is needed. In nonoptimal design, consider a residual Res de� ned as

Resi D 1 ¡ ¸ OUi (29)

Now ¸ is taken as the value that minimizes the sum of the squares
of the residuals, that is, the value for which

d

d¸

n

i D 1

Res2
i D 0 (30)

Equation (30) results in the following closed-form solution for the
value of ¸:

¸ D
n
i D 1

OUi

n
i D 1

OU 2
i

(31)

Substituting Eq. (31) into Eq. (28), we � nally obtain the following
recurrence relation for updating the design variables:

Av C 1
i D Av

i

n
i D 1

OUi

n

i D 1
OU 2

i

OUi

1=¯

v

(32)

In the structure studied in this paper, the speci� ed load on the
structuremust be equal to the nonlinearcritical load of the structure.
If this condition is satis� ed at the end of each iteration, then every
design will be a feasible one. This can be achieved by scaling the
design following the analysis phase in the iteration cycle.

Scaling Procedure
After � nding the limit load using the nonlinear buckling analysis

at each optimization iteration, the design variables are scaled to the
feasible region to satisfy the design constraint. In other words, the
design limit load .Pdesign/ of the structure must be equal to the limit
load .Pcr/ of the structure after the analysis phase in the iteration
cycle. For truss elements, the strain energy is a linear function of
the design variables; therefore, scaling the areas of all the members
of the structure by a factor S f has the effect of scaling the limit load
Pcr by the same scale factor S f , with no change in the displacement
pattern. The scale factor for truss elements may be given by

S f D Pdesign=Pcr (33)

Illustrative Example: Space Dome Truss Structure
The complex space dome structure shown in Fig. 2 consists of

24 bars, and the 6 vertices are � xed so that there are 7 nodes free
to move with total 21 DOF. This structure has six equivalent con-
� gurations corresponding to rotating the structure through the an-
gles n¼=3I n D 0; 1; : : : ; 5 and six equivalentcon� gurations corre-
sponding to the re� ection of the structure with respect to the plane
through the Z axis and the line through the origin in the X –Y plane
that makes a counterclockwiseangle of n¼=6I n D 0; 1; : : : ; 5 with
the X axis.

In the Cartesian coordinate system, the X; Y , and Z axes are
shown in Fig. 2. Each of the preceding actions can be represented
by a 3 $ 3 orthogonal rotation or re� ection matrix. The rotation
spanning a counterclockwise angle µ about the Z axis from the
global coordinate system to the local axes system for the members
is given by

R D
cosµ ¡sin µ 0

sin µ cosµ 0

0 0 1

(34)

The re� ection across a plane perpendicularto the X –Y plane that
makes a counterclockwiseangle of µ=2 with the X – Z plane is given
by

S D
cos µ sin µ 0

sin µ ¡cos µ 0

0 0 1

(35)

The complete symmetry group of the structural con� guration is
the set of all orthogonal transformations that map the system into
an equivalent con� guration and are given by

T1 D R.0/.U1; U2; U3; U4; U5; U6; U7/

T2 D R.60/.U2; U5; U1; U4; U7; U3; U6/

T3 D R.120/.U5; U7; U2; U4; U6; U1; U3/

T4 D R.180/.U7; U6; U5; U4; U3; U2; U1/
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Fig. 2 Twenty-four-bar space dome structure.

T5 D R.240/.U6; U3; U7; U4; U1; U5; U2/

T6 D R.300/.U3; U1; U6; U4; U2; U7; U5/

T7 D S.0/.U2; U1; U5; U4; U3; U7; U6/

T8 D S.60/.U1; U3; U2; U4; U6; U5; U7/

T9 D S.120/.U3; U6; U1; U4; U7; U2; U5/

T10 D S.180/.U6; U7; U3; U4; U5; U1; U2/

T11 D S.240/.U7; U5; U6; U4; U2; U3; U1/

T12 D S.300/.U5; U2; U7; U4; U1; U6; U3/ (36)

in which R.µ/ and S.µ/ are de� ned by Eqs. (34) and (35) and Ui

is the displacement vector of the i th node. For example, T2 has the
following form:

T2 D R.60/.U2; U5; U1; U4; U7; U3; U6/

D

0 R.60/ 0 0 0 0 0

0 0 0 0 R.60/ 0 0

R.60/ 0 0 0 0 0 0

0 0 0 R.60/ 0 0 0

0 0 0 0 0 0 R.60/

0 0 R.60/ 0 0 0 0

0 0 0 0 0 R.60/ 0

(37)

where 0 is a 3 £ 3 null matrix.
By using Eq. (9), the dimension of the symmetry-reduced sub-

space for the 24-bar space dome structure is

Table 1 Basis vectors spanning the symmetry subspace
of the space dome

Á1 Á2 Á3

0.000000 0.000000 0.353553
0.000000 0.000000 0.204124
0.000000 0.408248 0.000000
0.000000 0.000000 0.353553
0.000000 0.000000 ¡0.204124
0.000000 0.408248 0.000000
0.000000 0.000000 0.000000
0.000000 0.000000 0.408248
0.000000 0.408248 0.000000
0.000000 0.000000 0.000000
0.000000 0.000000 0.000000
1.000000 0.000000 0.000000
0.000000 0.000000 0.000000
0.000000 0.000000 ¡0.408248
0.000000 0.408248 0.000000
0.000000 0.000000 ¡0.353553
0.000000 0.000000 0.204124
0.000000 0.408248 0.000000
0.000000 0.000000 ¡0.353553
0.000000 0.000000 ¡0.204124
0.000000 0.408248 0.000000

mr D 1
12 .21C2C0¡1C0C2C3C1C3C1C3C1/ D 3 (38)

and, � nally, substitutingEq. (36) intoEq. (7), the projectionoperator
(Pr) is promptly obtained. The eigenvectorsof Pr correspondingto
an eigenvalue of unity, according to Eq. (8), can be obtained by an
eigenvector extraction algorithm. Because mr D 3, there are three
eigenvectors:

8 D [Á1 Á2 Á3] (39)

These eigenvectors represent the basis vectors that span the sym-
metry subspace, and they are listed in Table 1. Note that in this
problem, 21 DOF in the original full space are reduced to three-
dimensional symmetry subspace.

Analysis
Using the displacement control technique, the nonlinear buck-

ling analysis of both the full space and the reduced subspace are
performed to obtain the limit load and illustrate the application of
the GTA in nonlinear buckling analysis via the displacement con-
trol method. The Young’s modulus and cross-sectional area for all
members are assumed to be E D 73 £ 1011 N/m2 and A D 5 cm2,
respectively.

The downward verticaldisplacementin the apex (W ) of the struc-
ture (node 4) is selected as the controlling displacement, and it is
incremented in steps of 0.01 m per time step.

Figure 3 shows the nonlinear buckling analysis until limit load
in both full space and reduced subspace for the 24-bar space dome.
There is excellent agreement between full space and reduced sub-
space. The limit load has been obtained with an accuracy of 10¡5

using the quadratic curve � t on the region close to the limit load.
This methodenablesthecontrollingdisplacementto be incremented
in smaller step size near the limit point. In both full space and re-
duced subspace, the limit load was found to be 111,729.2 N. The
number of iterations to catch the limit point in both full space and
subspace is 85. The computationaltime using the reduced subspace
was about � ve times less than that of full-space analysis.

Figure 4 shows the postbucklingsolutionpath using the displace-
ment control techniquein both full spaceand reduced subspace.The
reducedsubspacesolutionis in perfectagreementwith the full-space
solution for the postbucklingtrajectory.Again, it was observed that
the computational time for the subspace solution was about four
times less than that of full-space analysis.

Optimization
The structure has been optimized previously, using the optimal-

ity criterion algorithm. The material is assumed to be aluminum,
with Young’s modulus E D 73£ 1011 N/m2 and material density
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Fig. 3 Load-de� ection curve for 24-bar space dome until limit load.

Fig. 4 Load-de� ection curve for 24-bar space dome (postbuckling).

½ D 2770 kg/m3 . The minimum area for all elements was set at
0.5 cm2. The minimum size constraintwas treated as a passive con-
straint. If the recurrence relation reduced the area of any element to
a value smaller than the minimumspeci� ed, then the cross-sectional
area of that element was set to the minimum size.

The structure was designed for a load of 50,000 N applied down-
ward atnode4. The downwardverticaldisplacementat thisnodewas
taken as the controlling displacement for the displacement control
method, and it is incremented in steps of 0.01 m per displacement
step.The stopcriterionwas selectedto be .m i C 1 ¡ m i / D 10¡5m i C 1,
where m i C 1 and m i are masses of the structure in the iteration
.i C 1)th and i th.

To maintain the symmetry during the optimization, the elements
have been linked into three groups, as shown in the Table 2.

The initial cross-sectional area for all elements was selected as
5 cm2 . The initial mass is 302.255 kg. With this initial area, the
limit point obtained was 111,729.2 N. Therefore, the initial design
is not in a feasible region (limit load is not equal to the design load
of 50,000 N). The � nal design for cross-sectionalareas through full
space and reduced subspace using the GTA is shown in Table 3.
It was observed that there is excellent agreement between the � nal
designsusing both the full space and the reduced subspaceanalysis.
The computational time required by the reduced subspace analysis
was found to be � ve times less than that of the full-space analysis.

Table 4 shows the optimization results when the system stability
constraint is considered as the linear buckling analysis, which is
a generalized eigenvalue analysis for the buckling load. Using the
current optimality algorithm, in the � nal design, the strain energy
was not equal in all elements and � nal weight of 33.874 kg was
obtained, indicating that the optimum solution may not have been
reached. To � nd out the possible optimum solution, the problem
with the linear buckling constraint was solved again through the

Table 2 Variable linking groups

Group Elements

1 1–6
2 7–12
3 13–24

Table 3 Final designs for the area of cross-section (cm2 )

Nonlinear buckling, Nonlinear buckling,
Group full space reduced subspace

1 2.6544 2.6548
2 1.7481 1.7484
3 0.9082 0.9083
Mass, kg 93.774 93.784
Iteration no. 19 17

Table 4 Final designs for the area of cross-section (cm2)

Linear buckling, Linear buckling,
Group optimization criterion algorithm SQP method

1 0.7407 0.5069
2 0.5000 0.5932
3 0.5000 0.5000
Mass, kg 33.874 31.725
Iteration no. 17 47

Table 5 Initial and � nal relative energy density
distribution (nonlinear buckling)

Group Initial Final design Final design
number design (full space) (reduced subspace)

1 1 1.0000 0.9994
2 0.4841 1.0000 1.0000
3 0.0930 1.0000 0.9981

sequential quadratic programming (SQP) method, with the same
initial area. The weight was reduced to 31.725 kg. Therefore, the
optimum solutionobtainedby the optimality algorithmis not an op-
timum solution, although it is close to an optimum solution.We can
say that if the � nal strain energy is not equal in the � nal design, we
should cautiously check the design with other optimization meth-
ods for con� rmation of the design. It is clear from Table 3 that there
is signi� cant difference in the number iteration and � ops using the
current optimization criterion and SQP, indicating that the current
optimization criterion is more ef� cient than SQP.

Comparing the optimum mass based on the nonlinear buckling
analysis (Table 3) with the solution based on the linear buckling
analysis (Table 4), it is observed that the design based on the linear
buckling underestimates the optimum mass by a factor of about 3,
indicating that designs based on linear buckling analysis may be
prone to failure.

Table 5 shows the relative strain energy in the initial design and
� nal design for both the full-space and the reduced subspace so-
lutions. It is noted that, in the initial design, the strain energy is
not uniform for the elements. However, following the optimization
process, the strain energy becomes exactly uniform in all elements
for the full-space solution, showing that it has exactly reached the
optimum point. On the other hand, using the reduced subspace,
the strain energy does not become exactly uniform in all elements
but very close to uniform. The small discrepancy between the � nal
cross-sectionalareasfrom the full-spaceand reducedsubspacesolu-
tions is primarily due to round-offerrors in analysis for the reduced
subspace solution. Also, the basis vectors or projection matrix may
induce errors in � nding the exact limit point that is critical for ob-
taining the accurate optimum solution. Figure 5 shows the iteration
history in both full space and reduced subspace, and it is noted that
there is an excellent agreement throughout the iteration history.
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Fig. 5 Iteration history through full space and reduced subspace.

Conclusions
Nonlinear buckling analysis of geometricallynonlinear symmet-

ric structures based on the displacement control technique in con-
junction with the GTA is an ef� cient tool for stability analysis.
Results obtained by the reduced subspace using the GTA are in ex-
cellent agreement with full-space solutions for limit load, prebuck-
ling, and postbucklingpath analysis of the load-de� ection curve.

The nonlinear buckling analysis, based on the displacement con-
trol technique together with the GTA, has been applied to the struc-
tural optimizationof a shallow, symmetric, space dome truss struc-
ture. It has been shown that the combination of the displacement
control method using the GTA together with the optimality crite-
rion, based on a uniform-strain energy density distribution, can be
usedeffectivelyfor thedesignof trussstructuresundersystemstabil-
ity constraint. It has been demonstrated that structural optimization
of nonlinear symmetric structures using the GTA can signi� cantly
reduce the computationaleffort, and excellent agreement exists be-
tween the optimumresultsfromfull spaceand the reducedsubspace.

Finally, it was illustrated that designs based on the generalized
eigenvalue problem (linear buckling) may considerably underes-
timate the optimum mass, which may lead to potential structural
failure.
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