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Structural Design Optimization of Nonlinear Symmetric

Structures Using the Group Theoretic Approach

R. Sedaghati,* B. Tabarrok,” and A. Suleman*
University of Victoria, Victoria, British Columbia VEW 3P6, Canada

Among multidisciplinary analysis and optimization problems, structural optimization of geometrically nonlinear
stability problems is of great importance, especially in structures used in space applications, because of their
long and slender configurations. In this study, application of the group theoretic approach (GTA) in structural
optimization of geometrical nonlinear problems under system stability constraint has been investigated. According
to GTA, the number of displacement degrees of freedom in the initial configuration can be reduced significantly by
using the set of symmetry transformations of the undeformed structure to construct a projection matrix from full
space to a reduced subspace spanned by the symmetry modes. A structural optimization algorithm is developed for
shallow structures undergoing large deflections subject to system stability constraint. The method combines the
nonlinear buckling analysis, based on the displacement control technique using GTA, with the optimality criteria
approach, based on the potential energy of the system. A shallow dome truss structure has been designed to illustrate
the proposed methodology. This paper demonstrates that structural optimization of nonlinear symmetric structures
using GTA is computationally efficient, and excellent agreement exists between optimal results in full space and
those in the reduced subspace. Also, it is shown that structural design based on the generalized eigenvalue problem

(linear buckling) highly underestimates the optimum mass, which may lead to structural failure.

Introduction

OR optimum structural design, the design variablesare selected

so as to minimize the weight of the structure while satisfying
all of the constraints. The constraints may include maximum al-
lowable stresses in the elements, displacement limits at the joints,
frequency specifications, system stability, and so forth. Depending
on the nature of the applied loads, the structure, and its geometry,
one or more of the constraintscan be active and control the design of
the structure. The design variables will generally be dictated by the
dominant constraints. In most previous works (e.g., Refs. 1-4) the
system stability requirement is posed as a linear buckling analysis.
Linear analysisis restrictedto small rotationsand equilibriumin the
initial state. Linear buckling reduces to the solution of a general-
ized eigenvalue problem for the buckling loads (bifurcation point).
This definition of system stability for some structures may not be
conservative enough, because the nonlinear behavior of the struc-
ture will result in large changes in the geometry of the structure.
Furthermore, the presence of geometric imperfections affects the
structural response more significantly in large deflection analysis.
For this reason, a nonlinear buckling analysis should be undertaken
to find the more conservative buckling loads (limit point).

In optimization of structures undergoing large deflections, find-
ing the exact limit point is critical for defining a nonlinear buckling
constraint. In the past works, the finite element analysis based on a
load control technique’~7 has been used to trace the nonlinear load-
deflection curve for determination of the limit load. For a simple
two-bar truss structure, an exact formulation that includes the con-
ditions for instability and optimality has been developedby different
investigators ¥ Techniques using load control fail as the load ap-
proaches the buckling load, or requires extremely small increments
to carry out the analysis, or needs sophisticated techniques such as
automatic time stepping and arc-lengthmethod. Several procedures
have been used by differentinvestigatorsto overcome this difficulty.
Zienkiewicz'® and Thomas and Gallager'' suggesteda form of the
displacement control method. Their algorithm requires modifica-
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tions of the stiffness matrix. Haisler et al.'? used that method by
partitioning the stiffness matrix. Helpful simplifications to the dis-
placement control method were made by Batoz and Dhatt,'> where
one of the displacement components is incremented at each time
step and an iterative process is followed: that is, a dominant dis-
placement componentis chosen as an independent variable instead
of the usual loading parameter. Using this approach, symmetry and
banded properties of the stiffness matrix are preserved. The dis-
placement control technique proposed by Batoz and Dhatt has been
used as an analyzerin the optimum design of truss structures under-
goinglarge deflections subject to the systemstability constraint.!* 13
The method was found to be extremely efficient in optimizing the
structures under snap-through buckling load.

The displacement control technique proposed by Batoz and
Dhatt' has been used in this investigationto capture the limit point
in problem with nonlinear buckling constraints. Using a quadratic
fit to the load-displacement curve near the critical load, the limit
load has been obtained efficiently and accurately.

Mostmethodsusedto solve staticnonlinearproblemsare based on
Newton-Raphson or quasi-Newton methods.'® For a structure with
m displacement degrees of freedom (DOF), these methods require
the solution of m simultaneous equations, respectively. Therefore,
when the number of DOF is large, these methods can become com-
putationally expensive. For the special case of structural systems
with symmetry, it has recently been shown that a nonlinear solu-
tion can be computed exactly using a reduction technique based on
symmetry modes called the group theoretic approach (GTA). The
essence of the reduction technique is to reduce the number of DOF
in the initial configuration by transforminga large system to a sim-
ilar, much smaller, substitute system. In other words, the number
of DOF in the large system m is much larger than the number of
DOF in the reduced problems, m,. The response U of the large sys-
tem can be obtained by a combination of a few subspace modes or
basis vectors. This is accomplished by expressing U as a product
of a transformation matrix ® and the response U, of the reduced
problem. By mapping the displacement vector from the symmetry
subspace back to the full space for the calculation of internal forces,
the GTA guarantees the satisfaction of equilibrium equationsin the
full space.

The group theoretic foundations of the reduction method have
been presented by Healey.!”~!” Using the projection operator of
group theory explained by Miller,”® Healey has described, within
the general setting of symmetric problems in structural mechanics,
how to form a dimensionallyreduced problemleading to significant
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computational savings. This technique has been applied to electro-
statics and bifurcationproblems. Subsequently, Chang and Healey?!
used the GTA in analysis of a geometrically nonlinear system with
symmetry. More recently, Li*? solved for static and dynamic anal-
ysis of nonlinear problems with symmetry using the GTA. How-
ever, nonlinear buckling analysis and postbuckling behavior have
not been considered in all of the previous reported studies using
the GTA. This paper addresses this issue and illustrates its appli-
cation on a shallow dome structure. The application of the GTA in
the structural optimization of the nonlinear problems under system
stability constraintis introduced for the first time.

The optimum solution of the nonlinear buckling problems under
system stability constraint by general mathematical programming
algorithms is computationally inefficient because of the many iter-
ations and sensitivity analyses required.>**** This difficulty can be
alleviatedby the optimality criterion method. Here an optimality cri-
terionalgorithmbased on the potentialenergy has been used.”'* The
Lagrange multipliers are obtained in a closed-form solution. Thus,
norecurrencerelationhas beenused for updatingthe Lagrange mul-
tipliers. This procedure enables us to obtain the optimum solution
with an infeasible starting point.

In the followingsections,a shortdescriptionof the nonlinearanal-
ysis procedureis presented. This is followed by a description of the
GTA. The derivation of the optimality criterion and the recurrence
relations are given next. Finally, a complex, shallow, dome struc-
ture is optimized using both nonlinear and linear buckling analyses.
For a shallow dome subjected to a concentrated apex load, the sys-
tem stability is the important active constraint and design driver. It
is shown that the structural optimization of the nonlinear problems
under system stability constraintusing the GTA can significantly re-
duce the computational time with excellentagreement between the
subspace and full-space optimal solutions. Furthermore, it has also
been shown that optimization of nonlinear structures using linear
bucklinganalysisunderestimatesthe optimummass of the structures
(or overestimates the buckling load), which may lead to structural
failure.

Nonlinear Analysis

In the presence of large deflections, geometrical nonlinearity be-
comes important. In such cases, although the strains are small and
the material behaves linearly, the response of the structure becomes
nonlinearas aresult of finite rotationsand displacements.It is there-
fore necessary to write the joint equilibrium in terms of the final
geometry of the structure. In the case of large displacements, the
strain-displacementrelationshipsinclude nonlinear terms. Consid-
erationof these terms, using the principle of virtual work, the system
stiffness matrix can be obtained and written as

where K is the system tangent stiffness matrix, K is the system lin-
ear elastic stiffness matrix, and K¢ is the system geometric stiffness
matrix. The matrix K is associated with the changes in the geome-
try of the structure. These matrices are obtained by the assemblage
of the element linear elastic and geometric stiffness matrices in the
global coordinates.

To derive the incremental finite element equations, it is assumed
that the equilibrium configuration at a load level is known and
the configuration at a slightly higher load level is to be deter-
mined. Using the Newton-Raphson method, these equations may
be written!316 as

1M RE=-DAY® = APk 1+ 0 p 1+ Mpr=1)
A pE) — iH A &= 4 AD® )

where k is the iteration number,’ 2K is the tangent stiffness matrix
at time step ¢ + Ar, ' T2 P'® =D g the vector of the nodal resultant
member forces at time step ¢ + At, P is a given reference load,
'+ 4y is a load factor parameter to denote the external load at time
step t + At, AP is the out-of-balanceforce, AU is the vector of in-
crements in nodal displacements, and '+ 2’ U is the vector of nodal
displacement at time step ¢ + Atf. The out-of-balance load vector

Ya

¥

Fig.1 Two-node space truss element.

AP corresponds to a load vector that is not yet balanced by ele-
ment forces, and hence an increment in the nodal displacements
is required. This updating of the nodal displacements in the itera-
tion is continued until the out-of-balanceloads and incremental dis-
placements are small. To guarantee that both out-of-balance loads
and incremental displacements are small, the energy convergence
criteria'® (a product of out-of-balance force and incremental dis-
placement) have been used in this analysis. An energy convergence
tolerance of ¢z = 10~ ® has been selected in this analysis.

It is noted that the increment in load or displacementis conven-
tionally represented as an evolutionin time 7. The problem s static,
and ¢ simply denotes incremental steps in the solution.

For a truss element, shown in Fig. 1, Kz and K in global coor-
dinates are as follows!”:

_AE| K, —K; _F(T1 -1
Ke=— [_I—{E I—{E] KG—L[_, 1} (3)
where
?ooLl Ll 1 00 [, = cosé,
Kp= Ll 12 LlL|, I=|0 1 of, 1, = cosé,
Ll Ll P 0 0 1 I, = cosé,
)

where F is the axial force in the element at time ¢; A is the cross-
sectional area of the element; L the length of the element; E is the
Young’s modulus; and /., [,, and [, are the direction cosines of the
element x axis relative to the global X, Y, and Z axes, respectively.

In the displacement control method, the external load during it-
eration in a particular time step does not remain constant. In other
words, for eachincrementin a controllingdisplacementcomponent,
the load is assumed to vary so that the multiplication of the out-of-
balanceload vectorand the incrementaldisplacementvectorbecome
as small as desired. Because the displacementcontrol method traces
the postbucklingpath, one can estimate the peak load by very small
displacementincrements. The true peak load is the largestload ob-
tained as the displacementtraces the equilibriumpath. However, the
solution obtained is sensitive to the displacement increments em-
ployed and the cost of the accurate solution becomes prohibitive.
Here, the peak load is obtained by performing a quadratic fit to
the load-displacement curve near the critical load and finding the
maximum of this curve. The peak load determined using this pro-
cedure was found to be very accurate, and it is not sensitive to the
displacement increments.

Nonlinear Analysis of Symmetric Structures
Using the GTA

In general, a nonlinear equation can be written symbolically as

fU,P)=KU—-P=0 (5)
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Let us suppose that Eq. (5) represents a structure with m DOF
and with undeformed geometry (shape), material properties and
geometric boundary conditions having common, nontrivial sym-
metry. Symmetry is characterized mathematically by an isomet-
ric (strain-free) transformation of the undeformed structure into
a completely equivalent configuration. The set of all such isome-
triesG...{G|,G,,...,Gy}; G;| 2393 is called the symmetry
group of the structure. For finite structural systems, the rele-
vant isometries are all 3 <> 3 orthogonal matrices corresponding
to rotations, reflections, and inversion? An orthogonal represen-
tation of a symmetric group of G on m-dimensional space is
T..AT\,T,,....,Ty}; T;1>." 7" namedrepofGon) """
and it satisfies the following properties:

T(G)T(G,) = T(G,G,) forallG,,G, | G
T"(G) =T(G]).T"'(G,) = T(G;") forall G, LG
T(I) =1, wherel is the (m <> m) identity matrix

The equilibrium equations of symmetric models such as Eq. (5)
can reflect the symmetry of the mechanical or physical system
through a property called the equivariance.® Equation (5) is said
to be equivariant under the action of T if

faU,Py=TfU,P) (6)

The equivariance condition in Eq. (6) follows from the fact that
the loading, the material properties, and the boundary conditions
agree with the geometric symmetry of the structure. If any of these
has less symmetry than the purely geometric symmetry, then an
appropriate subgroup must be employed.

A symmetric solutionto Eq. (6) is a nodal displacementvector U*
and aload magnitude P* satisfyingequilibriumsuch that TU* = U*.
It can be shown? that the average matrix

1 N
Pr= NZT,. )

i=1

is a symmetric (Pr" =Pr) projection (PrPr = Pr) onto the subspace
U,|Z™ of all symmetric displacement fields (U*) and is called the
projection matrix. If the m vector ¢ is in U, then

Pro =¢ ®)

where ¢ is an eigenvectorof Pr correspondingto the uniteigenvalue.
It can also be shown?® that the dimension of U, is given by

N
m, = trace(Pr) = % Z trace(T;) )

i=1

Hence, the multiplicity of the unit eigenvalue in Eq. (8) is equal
to m,. The most useful way to construct a reduced problem is to
determine the basis for Uy as

S ={d,02,....0u 1}, where ol p; =6 (10)

These basis vectors ¢;,i = 1,2,...,m,, which are solutions to
Eq. (8), are called symmetry modes. The matrix & including the
symmetry modes is a m <> m, matrix. If displacement vector U is
in U, (symmetric solution U*), then

U, =o"U (11)

is an m, vector with entries corresponding to the components of
U relative to the basis {¢y, ¢2, ..., ¢, }, thatis, U; = ¢/ U,i =
1,2,...,m,. From Eq. (11), we can write

U= oU, (12)

Considering Eq. (12) in Eq. (5) and multiplying both sides by &7,
the reduced problem may be given explicitly by

o7 f(®U,,P) = P'KPU, — TP =0 (13)

or
KU =P, (14)
where

M =0"M®, K =o'K6, P, =0'P (15)
Note that not all solutions of Eq. (5) are necessarily solutions of
Eq. (14). Rather, the reduced problem captures only the symmetric
solution points of Eq. (6).

The analyticalsteps for obtainingthe staticresponse of symmetric
incremental nonlinear problems can be described as follows:

1) Compute the out-of-balanceload vector AP.

2) Set up the reduced symmetry subspaceunderthe basis vector ®.
Obtain the reduced stiffness matrix and the reduced out-of-balance
force vectoras K, = ®TK®, AP, = ®TAP.

3) Solve the incremental displacements under the subspace. This
computation involves solving the reduced system K, AU, = AP,
for generalizedincremental displacementvector AU, using the dis-
placement control technique.

4) Obtain the original full-space incremental nodal displacement
vectorusing AU = O AU,.

5) Update the nodal coordinates.

6) Compute new member forces.

7) Repeat steps 1 through 6. Computation stops when energy
convergence criteria are met.

Optimization Criterion

The optimization problemis defined in the following form: Min-
imize the mass

M=Z":piAiLi (16)

i=1
subject to
g=M—-I=0 17

where p;, A;, L;, and n are the material density of the ith element,
the cross-sectionalarea of the ith element (design variable), the de-
formed length of the ith element, and the number of truss elements,
respectively. IT is the total potential energy, and IT is the target total
potential energy associated with the optimum design at the limit
load.

The effect of nonlinear buckling constraintis considered implic-
itly in the equality constraintgiven by Eq. (17). In other words, at the
end of the nonlinear buckling analysis for each optimization itera-
tion, the total potentialenergyis obtained. This total potentialenergy
representsthe potentialenergy of the systemat the limit point. Thus,
it may be said that the constraint on the limit load is equivalent to
the constrainton the total potential energy of the system at the limit
load.

The potential energy of a structure, made up of n elements, may
be expressed as

H:ZUi—UTPzU—UTP (18)

i=1

where U is the global displacement vector, P is the vector of the
externally applied forces, U is the total strain energy, and U, is the
strainenergy of a typicalith element. For one-dimensionalelements,
it can be expressed as

U =3El AL (19)

where E; is the module of elasticity of the ith element and ¢; is the
strain in the ith element, expressed as

& = (L; — Lo;))/ Ly (20)

where L is the undeformed length of the ith element. Invoking the
principle of stationary total potential energy,

f/fu=(fU/fu)-P=0 2D
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Using Egs. (16) and (17), the Lagrangian L may be written as

L= Z piA;L; — A(TT — TI) (22)

i=1

where A is a Lagrange multiplier. The Karush-Kuhn-Tucker (KKT)
conditionsfor minimizationof L withrespectto A; and A, according
to Eq. (22), become

Il  ~— oIl 3U; _
piLi—A< +Z— ’):0, M- =0 (23)

9A; aU; A,

i=1
where m is the number of displacement DOF. By virtue of Eq. (21),
correspondingto every nodal displacementU;, fT1/fU ; vanishes,
and hence Eq. (23) may be written as

oiLi —A(fT1/fA;) =0 (24)
Considering Egs. (18) and (19) , we have
fI/fA; = U;/A; (25)
Substituting Eq. (25) into Eq. (24) gives
oiLi —A(U;/A) =0 (26)
or
AU =1 2]

where [ji =U,;/p;L;A; isthe strainenergy density of the i th element.
Equation(27) is an optimality criterionand states thatin an optimum
structure, the strain energy density is equal for all elements.

Recurrence Relation

To obtain a design that satisfies the optimality criterion given by
Eq. (27), an iterative scheme is used. This consists of updating the
design variables using the recurrence relation, or alternatively the
design variable update formulas, after determining the nonlinear
critical point. A simple and efficient form of the recurrencerelation
may be expressed by multiplying both sides of Eq. (27) by (A;)#
and taking its Sth root as

AT = AYQO)P (28)

where v + 1 and v are the iteration steps. The step-size parameter
B controls the convergence rate and can be changed by assigning
appropriate values. Using the recurrence relation in Eq. (28), in
each optimizationiterationthe design variablesare updated until the
relative convergence criteria are satisfied. It is noted that the final
optimumdesignis notinfluenced by the step-size parameterbecause
AU isequaltounityin the final optimum design. Selecting large step-
size parameterresultsin a slow and smooth convergenceand a large
number of optimizationiterationsbefore satisfying the convergence
criteria. Conversely, choosing a small step-size parameter results in
a fast and oscillating convergence so that the required convergence
criteria may never be reached. It is recommended that the step-size
parameter be set to a small number (4 has been selected for the
present design) and then increased gradually as the optimization
process evolves.

To use Eq. (28), it is required to know the value of the Lagrange
multiplier . At the optimal design, A will satisfy Eq. (27). For non-
optimal design, a value of A that most closely satisfies this equation
is needed. In nonoptimal design, considera residual Res defined as

Res; = 1 — AU, (29)

Now 2 is taken as the value that minimizes the sum of the squares
of the residuals, that is, the value for which

d n
— Resl.2 =0 (30)
| o]

Equation (30) results in the following closed-form solution for the
value of A:
r.l [ji
A= Zl;l (31)

X0

Substituting Eq. (31) into Eq. (28), we finally obtain the following
recurrence relation for updating the design variables:

~ 1/8
r.l Ui ~
AVl = Af([%}m) (32)
i=1"1i v

In the structure studied in this paper, the specified load on the
structure must be equal to the nonlinearcritical load of the structure.
If this condition is satisfied at the end of each iteration, then every
design will be a feasible one. This can be achieved by scaling the
design following the analysis phase in the iteration cycle.

Scaling Procedure

After finding the limit load using the nonlinear buckling analysis
at each optimization iteration, the design variables are scaled to the
feasible region to satisfy the design constraint. In other words, the
design limit load (Pyesign) of the structure must be equal to the limit
load (P,) of the structure after the analysis phase in the iteration
cycle. For truss elements, the strain energy is a linear function of
the design variables; therefore, scaling the areas of all the members
of the structure by a factor Sf has the effect of scaling the limit load
P, by the same scale factor Sf, with no change in the displacement
pattern. The scale factor for truss elements may be given by

Sf = Pdesign/Pcr (33)

Illustrative Example: Space Dome Truss Structure

The complex space dome structure shown in Fig. 2 consists of
24 bars, and the 6 vertices are fixed so that there are 7 nodes free
to move with total 21 DOF. This structure has six equivalent con-
figurations corresponding to rotating the structure through the an-
glesnm/3;n =0, 1,...,5 and six equivalentconfigurations corre-
sponding to the reflection of the structure with respect to the plane
through the Z axis and the line through the origin in the X-Y plane
that makes a counterclockwiseangle of n /6;n =0, 1, ..., 5 with
the X axis.

In the Cartesian coordinate system, the X, Y, and Z axes are
shown in Fig. 2. Each of the preceding actions can be represented
by a 3 < 3 orthogonal rotation or reflection matrix. The rotation
spanning a counterclockwise angle 6 about the Z axis from the
global coordinate system to the local axes system for the members
is given by

cosf —sinfd O
R=|sinf cos® O (34)
0 0 1

The reflection across a plane perpendicularto the X-Y plane that
makes a counterclockwiseangle of 6 /2 with the X-Z planeis given
by

cosf sinf O
S =|sind —cosh® O (35)
0 0 1

The complete symmetry group of the structural configuration is
the set of all orthogonal transformations that map the system into
an equivalent configuration and are given by

T, =RO)(U,, U,, U3, U,, Us, Us, Uy)
T, = R(60)(U>, Us, Uy, Uy, U7, Us, Us)
T3 = R(120)(Us, U7, Uy, Uy, Us, Uy, Us)

T, = R(180)(U7, Us, Us, Uy, U3, Uy, Uy)
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Fig.2 Twenty-four-bar space dome structure.
Ts = R(240)(Us, Us, U7, Us, Uy, Us, Uy)
Te = R(300)(U3, Uy, Us, Us, Us, Uy, Us)
I; =SO)(U,, Uy, Us, Us, Us, Uy, Us)
Ts =S(60)(Uy, Us, Uy, Uy, Us, Us, Uy)
T, = S(120)(U;, Ug, U, Uy, U7, U,, Us)
T\, = S(180)(Us, U, Us, Uy, Us, Uy, Uy)
T, = S8(240)(U7, Us, Us, Uy, U,, U3, Uy)
T\, = S300)(Us, Uz, Uy, Us, Uy, Us, Us) (36)

in which R(#) and S(0) are defined by Eqs. (34) and (35) and U;
is the displacement vector of the ith node. For example, T, has the
following form:

T, = R(60)(U>, Us, Uy, Uy, U7, Us, Us)

0 R@©GO) 0 0 0 0 0

0 0 0 0 R@©0) 0 0

R©60) 0 0 0 0 0 0

=/ 0 0 0 R@©GO) 0 0 0
0 0 0 0 0 0 R(60)

0 0 R@©0) 0 0 0 0
L0 0 0 0 0 RGO 0 |
(37

where 0 is a 3 x 3 null matrix.
By using Eq. (9), the dimension of the symmetry-reduced sub-
space for the 24-bar space dome structure is

Table1 Basis vectors spanning the symmetry subspace
of the space dome

P 2 ?s

0.000000 0.000000 0.353553
0.000000 0.000000 0.204124
0.000000 0.408248 0.000000
0.000000 0.000000 0.353553
0.000000 0.000000 —0.204124
0.000000 0.408248 0.000000
0.000000 0.000000 0.000000
0.000000 0.000000 0.408248
0.000000 0.408248 0.000000
0.000000 0.000000 0.000000
0.000000 0.000000 0.000000
1.000000 0.000000 0.000000
0.000000 0.000000 0.000000
0.000000 0.000000 —0.408248
0.000000 0.408248 0.000000
0.000000 0.000000 —0.353553
0.000000 0.000000 0.204124
0.000000 0.408248 0.000000
0.000000 0.000000 —0.353553
0.000000 0.000000 —0.204124
0.000000 0.408248 0.000000

m,=1—‘2(21+2+0—1+0+2+3+1+3+1+3+1)=3 (38)

and, finally, substitutingEq. (36) into Eq. (7), the projectionoperator
(Pr) is promptly obtained. The eigenvectorsof Pr correspondingto
an eigenvalue of unity, according to Eq. (8), can be obtained by an
eigenvector extraction algorithm. Because m, =3, there are three
eigenvectors:

C=[d ¢ @5l (39

These eigenvectorsrepresent the basis vectors that span the sym-
metry subspace, and they are listed in Table 1. Note that in this
problem, 21 DOF in the original full space are reduced to three-
dimensional symmetry subspace.

Analysis

Using the displacement control technique, the nonlinear buck-
ling analysis of both the full space and the reduced subspace are
performed to obtain the limit load and illustrate the application of
the GTA in nonlinear buckling analysis via the displacement con-
trol method. The Young’s modulus and cross-sectional area for all
members are assumed to be E =73 x 10'' N/m? and A =5 cm?,
respectively.

The downward vertical displacementin the apex (W) of the struc-
ture (node 4) is selected as the controlling displacement, and it is
incremented in steps of 0.01 m per time step.

Figure 3 shows the nonlinear buckling analysis until limit load
in both full space and reduced subspace for the 24-bar space dome.
There is excellent agreement between full space and reduced sub-
space. The limit load has been obtained with an accuracy of 1073
using the quadratic curve fit on the region close to the limit load.
This method enablesthe controllingdisplacementto be incremented
in smaller step size near the limit point. In both full space and re-
duced subspace, the limit load was found to be 111,729.2 N. The
number of iterations to catch the limit point in both full space and
subspaceis 85. The computational time using the reduced subspace
was about five times less than that of full-space analysis.

Figure 4 shows the postbucklingsolution path using the displace-
ment control techniquein both full space and reduced subspace. The
reducedsubspacesolutionis in perfectagreementwith the full-space
solution for the postbucklingtrajectory. Again, it was observed that
the computational time for the subspace solution was about four
times less than that of full-space analysis.

Optimization

The structure has been optimized previously, using the optimal-
ity criterion algorithm. The material is assumed to be aluminum,
with Young’s modulus £ =73 x 10'"' N/m? and material density
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Fig.3 Load-deflection curve for 24-bar space dome until limit load.
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Fig.4 Load-deflection curve for 24-bar space dome (postbuckling).

0 =2770 kg/m*. The minimum area for all elements was set at
0.5 cm?. The minimum size constraint was treated as a passive con-
straint. If the recurrencerelation reduced the area of any element to
a value smaller than the minimum specified, then the cross-sectional
area of that element was set to the minimum size.

The structure was designed for a load of 50,000 N applied down-
ward atnode 4. The downward verticaldisplacementat thisnode was
taken as the controlling displacement for the displacement control
method, and it is incremented in steps of 0.01 m per displacement
step. The stop criterionwas selectedtobe (m; .| —m;) = 1075m; 4 4,
where m; | and m; are masses of the structure in the iteration
(i + Dth and ith.

To maintain the symmetry during the optimization, the elements
have been linked into three groups, as shown in the Table 2.

The initial cross-sectional area for all elements was selected as
5 cm?. The initial mass is 302.255 kg. With this initial area, the
limit point obtained was 111,729.2 N. Therefore, the initial design
is notin a feasible region (limit load is not equal to the design load
of 50,000 N). The final design for cross-sectionalareas through full
space and reduced subspace using the GTA is shown in Table 3.
It was observed that there is excellent agreement between the final
designsusing both the full space and the reduced subspace analysis.
The computational time required by the reduced subspace analysis
was found to be five times less than that of the full-space analysis.

Table 4 shows the optimizationresults when the system stability
constraint is considered as the linear buckling analysis, which is
a generalized eigenvalue analysis for the buckling load. Using the
current optimality algorithm, in the final design, the strain energy
was not equal in all elements and final weight of 33.874 kg was
obtained, indicating that the optimum solution may not have been
reached. To find out the possible optimum solution, the problem
with the linear buckling constraint was solved again through the

Table2 Variable linking groups

Group Elements

1 1-6
7-12

3 13-24

Table3 Final designs for the area of cross-section (cm?)

Nonlinear buckling,  Nonlinear buckling,

Group full space reduced subspace
1 2.6544 2.6548

2 1.7481 1.7484

3 0.9082 0.9083
Mass, kg 93.774 93.784
Iteration no. 19 17

Table4 Final designs for the area of cross-section (cm?)

Linear buckling, Linear buckling,

Group optimization criterion algorithm SQP method
1 0.7407 0.5069

2 0.5000 0.5932

3 0.5000 0.5000
Mass, kg 33.874 31.725
Iteration no. 17 47

Table 5 Initial and final relative energy density
distribution (nonlinear buckling)

Group Initial
number  design

Final design
(full space)

Final design
(reduced subspace)

1 1 1.0000 0.9994
2 0.4841 1.0000 1.0000
3 0.0930 1.0000 0.9981

sequential quadratic programming (SQP) method, with the same
initial area. The weight was reduced to 31.725 kg. Therefore, the
optimum solution obtained by the optimality algorithmis not an op-
timum solution, although it is close to an optimum solution. We can
say that if the final strain energy is not equal in the final design, we
should cautiously check the design with other optimization meth-
ods for confirmation of the design. It is clear from Table 3 that there
is significant difference in the number iteration and flops using the
current optimization criterion and SQP, indicating that the current
optimization criterion is more efficient than SQP.

Comparing the optimum mass based on the nonlinear buckling
analysis (Table 3) with the solution based on the linear buckling
analysis (Table 4), it is observed that the design based on the linear
buckling underestimates the optimum mass by a factor of about 3,
indicating that designs based on linear buckling analysis may be
prone to failure.

Table 5 shows the relative strain energy in the initial design and
final design for both the full-space and the reduced subspace so-
lutions. It is noted that, in the initial design, the strain energy is
not uniform for the elements. However, following the optimization
process, the strain energy becomes exactly uniform in all elements
for the full-space solution, showing that it has exactly reached the
optimum point. On the other hand, using the reduced subspace,
the strain energy does not become exactly uniform in all elements
but very close to uniform. The small discrepancy between the final
cross-sectionalareas from the full-spaceand reduced subspace solu-
tions is primarily due to round-offerrors in analysis for the reduced
subspace solution. Also, the basis vectors or projection matrix may
induce errors in finding the exact limit point that is critical for ob-
taining the accurate optimum solution. Figure 5 shows the iteration
history in both full space and reduced subspace, and it is noted that
there is an excellent agreement throughout the iteration history.
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Fig. 5 Iteration history through full space and reduced subspace.

Conclusions

Nonlinear buckling analysis of geometrically nonlinear symmet-
ric structures based on the displacement control technique in con-
junction with the GTA is an efficient tool for stability analysis.
Results obtained by the reduced subspace using the GTA are in ex-
cellent agreement with full-space solutions for limit load, prebuck-
ling, and postbuckling path analysis of the load-deflection curve.

The nonlinear buckling analysis, based on the displacement con-
trol technique together with the GTA, has been applied to the struc-
tural optimization of a shallow, symmetric, space dome truss struc-
ture. It has been shown that the combination of the displacement
control method using the GTA together with the optimality crite-
rion, based on a uniform-strain energy density distribution, can be
used effectivelyfor the designof trussstructuresunder systemstabil-
ity constraint. It has been demonstrated that structural optimization
of nonlinear symmetric structures using the GTA can significantly
reduce the computational effort, and excellent agreement exists be-
tween the optimumresults from full space and the reduced subspace.

Finally, it was illustrated that designs based on the generalized
eigenvalue problem (linear buckling) may considerably underes-
timate the optimum mass, which may lead to potential structural
failure.
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